Abstract. Recently, it has been shown by Harbater and Stevenson that a profinite group G is free profinite of infinite rank m if and only if G is projective and m-quasifree. The latter condition requires the existence of m distinct solutions to certain embedding problems for G. In this paper we provide several new non-trivial examples of m-quasifree groups, projective and nonprojective. Our main result is that open subgroups of m-quasifree groups are m-quasifree.
A recent characterization of free profinite groups due to Harbater and Stevenson [1, Theorem 2.1] establishes that a profinite group G is free profinite of infinite rank m if and only if (i) G is projective, and (ii) whenever one has a diagram
where A and B are finite groups, f is an epimorphism of profinite groups, and α is an epimorphism of finite groups that splits and is not an isomorphism, there exist exactly m different epimorphisms λ : G → A such that αλ = f . This builds on other well-known characterizations due to Iwasawa [3] , Mel'nikov [4] and Chatzidakis [2] (see [5] , Theorems 3.5.9 and 3.5.11 for a unified treatment in a slightly more general context).
In this paper we are interested in profinite groups that satisfy condition (ii) above. For an infinite cardinal m, we define a profinite group G to be m-quasifree if it satisfies condition (ii) above. The following result of Harbater and Stevenson [1] provides naturally arising examples of m-quasifree groups which are not projective, and hence not free profinite.
Theorem 1 ([1, Theorem 1.1]). Let k be a field and let k ((x, t)) be the fraction field of the power series ring k[[x, t]]
, where x and t are indeterminates. Let G = G k((x,t)) be the absolute Galois group of k ((x, t)). Denote by m the cardinality of k ((x, t) ). Then G is an m-quasifree profinite group which is not projective. In our main result (Theorem 2.1) we show that open subgroups of m-quasifree groups are m-quasifree. We also provide non-obvious examples of m-quasifree profinite groups.
Preliminaries and examples
Throughout this paper C denotes a variety of finite groups, i.e., a nonempty class of finite groups closed under the operations of taking subgroups, homomorphic images and finite direct products. For example C can be taken to be the class of all finite groups or the class of all finite solvable groups. A pro-C group is an inverse limit of groups in C. We follow the notation and terminology of [5] , where basic properties of these groups can be found.
Recall that an epimorphism α : A −→ B is said to split if there exists a homomorphism τ : B −→ A such that ατ = id B . Definition 1.1. Let C be a variety of finite groups and let m be an infinite cardinal. A pro-C group Q is called an m-quasifree pro-C group if for every diagram of the form
where A and B are finite groups, f is an epimorphism of profinite groups, and α is an epimorphism of finite groups that splits and is not an isomorphism, there exist exactly m different epimorphisms λ :
We refer to such a diagram as a split embedding problem of pro-C groups for Q, and we say that an epimorphism λ : Q −→ A such that αλ = f is a solution of the embedding problem. Hence Q is m-quasifree if every finite split embedding problem has exactly m different solutions. Let C be a variety of finite groups. If G is a profinite group, define R C (G) to be the intersection of all closed normal subgroups N of G such that G/N ∈ C. Then G/R C (G) is the maximal pro-C quotient of G (see [5] , Section 3.4). The following result is clear. Proof. We observe (see [5] , Corollary 2.6.6) that if H is a pro-C group that admits a countable set of generators converging to 1, then H contains a countable collection of open normal subgroups
that form a fundamental system of neighborhoods of 1, and so
It follows that H appears as a closed subgroup of the cartesian product of the set of all finite groups in C. In particular the free pro-C group F of countable rank appears as a closed subgroup of such a cartesian product. Therefore to prove the proposition it is enough to construct an epimorphism
where K i runs over all finite groups in C, where we assume K 0 = 1. To do this we construct inductively compatible epimorphisms
If λ n−1 has been constructed, consider the split embedding problem
provides the required epimorphism.
If A and B are pro-C groups, we denote by A B their free pro-C product, i.e., their coproduct in the category of pro-C groups (see [5] , Section 9.1). For simplicity and to avoid the concept of a free pro-C product of groups indexed by a profinite space, we state part (b) of the following lemma only for finite groups A and B, but the result is valid in general (in fact it follows by making more detailed the argument given for part (c)). One says that a variety of finite groups C is extension closed if whenever 1 → K → G → H → 1 is an exact sequence of finite groups such that K, H ∈ C, then G ∈ C. A and B are finite, then A G is the free pro-C product of the subgroups We shall show that G is ℵ 0 -quasifree. Consider a split embedding problem
Note that
Since B is finite, there exists a natural number t such that f (x j ) = f (y j ) = 1, for all j > t. Let k 1 , . . . , k n be the elements of K.
Next we define an infinite countable set of continuous epimorphism {η s :
Observe that η s (r) = 1. Therefore, η s induces a continuous epimorphism λ s : 
Open subgroups of quasifree groups

Theorem 2.1. Assume that C is an extension closed variety of finite groups. Let H be an open subgroup of an m-quasifree pro-C group G. Then H is m-quasifree.
Proof. Consider the following split embedding problem of pro-C groups for H
Note that the groups A and B are finite groups as C denotes a variety of finite groups. We shall prove first that this embedding problem has at least one solution. Construct the free pro-C product A = K B of K and B . By Lemma 1.5, the closed normal subgroupK of A generated by K is the free pro-C product
Consider the open subgroup
Observe that the subgroup B H of L normalizes the free factors b∈B H K b and ? y yσ 
, L S S S S S S S S S S S S S S S S
We claim that L/N = λ(H). To see this it suffices to show that π
Since β(H) = α (λ(H)), we clearly have that λ(H) ≤ α −1 (β(H)). For the reverse inclusion, note that 
